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ABSTRACT
The topology of the Fermi surface of an extended d−p Hubbard model is investigated
using the Green’s function technique in a n-pole approximation. The effects of the
d − p hybridization on the Fermi surface are the main focus in the present work.
Nevertheless, the effects of doping, Coulomb interaction and hopping to second-
nearest-neighbors on the Fermi surface, are also studied. Particularly, it is shown
that the crossover from hole-like to electron-like Fermi surface (Lifshitz transition)
is deeply affected by the d − p hybridization. Moreover, the pseudogap present in
the low doping regime is also affected by the hybridization. The results show that
both the doping and the hybridization act in the sense of suppresses the pseudogap.
Therefore, the systematic investigation of the Fermi surface topology, shows that not
only the doping but also the hybridization can be considered as a control parameter
for both the pseudogap and the Lifshitz transition. Assuming that the hybridization
is sensitive to external pressure, the present results agree qualitatively with recent
experimental data for the cuprate Nd-LSCO.
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1. Introduction
More than three decades after the discovery of the high-temperature superconductors
(high-Tc), the theoretical description of this phenomenon still represents a challenge
for the physicists. To understand the nature of the pseudogap regime present in the
normal state of the hole-doped cuprates, seems to be a essential ingredient for the pro-
cess of understanding the superconductivity in these systems. There are experimental
evidences suggesting a close relation between the existence of the pseudogap and the
topology of the Fermi surface in cuprates [1]. Both the pseudogap and the Fermi sur-
face topology are strongly hole-doping dependent [1, 2]. When doping is increased,
there is a critical doping, above which, the Fermi surface topology changes from hole-
like to electron-like, indicating a Lifshitz transition [3–5]. The pseudogap occurs when
the Fermi surface is hole-like. The origin of the pseudogap is still a subject of inten-
sive debate in condensed matter physics. There are different theories proposed for the
nature of the pseudogap [11]. Recent experimental [6, 7] and theoretical [8–11] results
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suggest that the pseudogap emerges due to short-range antiferromagnetic correlations
present in the underdoped strongly correlated regime of cuprates.
Due to the strong correlations at the Cu-sites, the one-band Hubbard model has
been largely used to describe such systems, leading to results which are important for
elucidate the mechanisms of superconductivity in cuprates [4, 5, 12–15]. Nevertheless,
the fact that the oxygen sites may be occupied by holes when the system is doped
suggests that a model which also takes into account the oxygen can be more adequate
to treat the doped regime of such systems [16–21]. In this sort of model, the hybridiza-
tion between the d orbitals of the cooper and the p orbitals of the oxygen becomes
an important parameter which is sensitive to changes of external pressure [22–24].
For the sake of simplicity, it is usual to consider the hybridization as a ~k-independent
parameter [16, 27, 28]. However, for a more appropriated description of these system,
it is important to consider a ~k-dependent hybridization [25, 26].
Motivated by recent experimental results relating the peseudogap and the Fermi
surface topology of cuprate superconductors [1], in the present work, a n-pole ap-
proximation [29, 30] has been used to investigate the topology of the Fermi surface
associated with an extended d − p Hubbard model. The study of the Fermi surface
and the dispersions of bands is essential to better understand the superconducting
and the normal properties of the high-Tc’s [31]. Our focus here, is the normal state
of a d − p model where the pseudogap may occurs. It has been assumed a scenery in
which short-range antiferromagnetic correlations are the source of pseudogap [6–11].
The investigation of the effects of the doping and the hybridization on the topology of
the Fermi surface is the central issue discussed in this paper.
1.1. The model
The Hamiltonian model is an improved version of the model studied in reference [16].
It is given by:
Hˆ =
∑
〈〈i〉〉j,σ
{[
(εd − µ)dˆ
†
iσdˆjσ + (εp − µ)pˆ
†
iσpˆjσ
]
δij + t
d
ij dˆ
†
iσdˆjσ + t
p
ij pˆ
†
iσpˆjσ
}
+
∑
〈i〉j,σ
t
pd
ij (dˆ
†
iσ pˆjσ+pˆ
†
iσdˆjσ) + U
∑
i
nˆdi↑nˆ
d
i↓ (1)
where µ is the chemical potential. The symbols 〈...〉 (〈〈...〉〉) denote the sum over
the first(second)-nearest-neighbors of i. The quantity U stands for the local Coulomb
interaction between two d-electrons with opposite spins. The model in equation 1,
has been treated using the Green’s functions technique. The motion equation of two
operators A and B, in the Hesenberg representation, is given by
ω〈〈Aˆ; Bˆ〉〉ω = 〈[Aˆ, Bˆ]+〉+ 〈〈[Aˆ, Hˆ]; Bˆ〉〉ω. (2)
Notice that the Green’s function 〈〈Aˆ; Bˆ〉〉ω depends on a Green’s function of higher
order on the right side of equation 2. If we write the motion equation of this new
Green’s function, a newest Green’s function of highest order will appears. In order
to solve this problem and get a finite set of motion equations we consider a n-pole
approximation [29, 30] which assumes that the motion equation of the operator A,
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can be rewritten as
[Aˆn, Hˆ] =
∑
m
Kn,mAˆm. (3)
The set of operators Aˆn must represents the most important excitations of the system
of interest. For the normal state of the d− p model introduced in equation 1, the set
of operators is {dˆiσ, nˆi−σdˆiσ, pˆiσ}. The matrix K can be obtained as
K = EN−1 (4)
with the energy and the normalization matrices given by
Enm = 〈[[Aˆn, Hˆ], Aˆ
†
m]+〉 and Nnm = 〈[Aˆn, Aˆ
†
m]+〉. (5)
Defining Bˆ = Aˆ†m and Gnm(ω) = 〈〈Aˆn; Aˆ
†
m〉〉ω and combining the equations 2, 3 and
4, we have the matrix of the Green’s function in terms of the matrices E and N:
G = N(ωN−E)−1N. (6)
For the set of operators {dˆiσ, nˆi−σdˆiσ, pˆiσ}, the elements of the normalization matrix
are N11 = N33 = 1, N12 = N21 = N22 = n
d
−σ and N13 = N23 = N31 = N32 = 0. The
energy matrix is
E =


tdij + Un
d
−σ − µ (t
d
ij + U − µ)n
d
−σ t
dp
ij
(tdij + U − µ)n
d
−σ (U − µ)n
d
−σ + t
d
ij(n
d
−σ)
2+ nd
−σ(1− n
d
−σ)Wij−σ n
d
−σt
dp
ij
t
pd
ij n
d
−σt
pd
ij ǫp − µ+ t
p
ij

 (7)
where nd−σ = 〈n
d
i−σ〉 is the average site occupation per spin, per site i, of d-electrons.
The quantity Wij−σ =W
d
ij−σ +W
pd
ij−σ is the band shift with
W
pd
ij−σ =
∑
l
t
pd
il
[2〈pˆl−σnˆ
d
iσdi−σ〉 − 〈pˆl−σdˆi−σ〉]δij
nd−σ(1− n
d
−σ)
. (8)
The Fourier transform of W dijσ is
ndσ(1− n
d
σ)W~k,σ = −
∑
j 6=i
tij〈cˆ
†
i,σ cˆj,σ(1− nˆi,−σ − nˆj,−σ)〉+
∑
~q
εd(~k − ~q)
3∑
n=1
λ
(n)
~q,σ
(9)
where λ
(n)
~q,σ
is the Fourier transform of
λ
(1)
ij,σ =
1
4
(〈NˆjNˆi〉 − 〈Nˆj〉〈Nˆi〉), (10)
3
λ
(2)
ij,σ = 〈Sˆj · Sˆi〉 and λ
(3)
ij,σ = 〈cˆ
†
j,σ cˆ
†
j,−σcˆi,−σ cˆi,σ〉 (11)
with Nˆi = nˆ
d
iσ + nˆ
d
i−σ and 〈Sˆj · Sˆi〉 is the spin-spin correlation function.
The correlation functions present in W pdij−σ are obtained from its respective Green’s
functions by using the standard relation
〈BˆAˆ〉 =
1
2πi
∮
f(ω)〈〈Aˆ; Bˆ〉〉ωdω (12)
where the contour encircles the real axis without enclosing the poles of the Fermi
function f(ω). In order to determine the correlation functions given in equations 10 and
11 it is necessary to introduce further Green’s functions, as discussed in reference [29].
The spectral function for the single particle Green’s function of interest is Aσ(~k, ω) =
− 1
π
Im[G~kσ(ω)]. The Green’s functions obtained from relation 6 consist of a three-pole
approximation [16]:
G~kσ(ω) =
3∑
s=1
Z
(s)
~kσ
ω − E
s~kσ
(13)
with each pole corresponding to a quasiparticle band E
s~kσ
. The quantity Z
(s)
~kσ
stands
for the spectral weight [16].
One of the most important parameter of the d−p model introduced in equation 1 is
the hybridization amplitude V0 = t
pd. Here, we consider a ~k-dependent hybridization
V~k = 2V0
√
sin2(akx2 ) + sin
2(aky2 ) suitable for a non magnetic undistorted CuO2 square
unit cell [25, 32, 33]. The eletronic dispersion is ǫb(~k) = −2t
b[cos(kxa) + cos(kya)] +
4tb2 cos(kxa) cos(kya) with b = d or p, and t
b
2 is the hopping amplitude for the second-
nearest-neighbors.
2. Numerical results
To ensure that the results presented in this section correspond to the normal state
of the model, we consider kBT = 0.04|t
d| > kBTc,max. The hopping amplitude of d-
electrons is td = −0.5 eV whereas the hopping amplitude of p-electrons is tp = −1.4|td|,
while tp2 = 0 [16, 30].
The evolution of the spectral function at ω = µ is shown for different doping levels,
in figure 1. In terms of the total occupation nT , the hole-doping δ is given as δ = 1−nT .
At the overdoping regime, δ = 0.25, the Fermi surface is electron-like centered at (0, 0).
Nevertheless, for δ = 0.20 the topology of the Fermi surface is hole-like centered in
(π, π). Hence, there is a critical doping δc ≈ 0.20, where the Fermi surface changes its
nature from hole- to electron-like. This change in the Fermi surface topology indicates
a Lifshitz transition which is close related to the position of the van Hove singularity
relative to chemical potential µ. Another change of the Fermi surface topology is
observed for δ = 0.10, where a pseudogap appears at the antinodal points (±π, 0) and
(0,±π) giving rise to a hole pocket centered approximately at (π2 ,
π
2 ). The evolution
of the Fermi surface shown in figure 1 for a relatively small hybridization, are in
qualitative agreement with those of references [5, 34, 35], for the one band Hubbard
model.
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Figure 1. Evolution of the Fermi surface for different dopings δ. The model parameters are U = 8.0|td|,
V0 = 0.6|td| and td2 = 0.14|t
d|.
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Figure 2. The Fermi surface for δ = 0.20 showing the effects of U , td
2
and V0. In (a), td2 = 0.14|t
d| and
V0 = 0.60|td|. In (b), U = 8.0|td| and V0 = 0.60|td| while in (c) U = 8.0|td| and td2 = 0.14|t
d|.
The effect of the Coulomb interaction U on the Fermi surface is shown in figure
2(a) for δ = 0.20. As U increases, the d bands are renormalized, as a consequence, the
Fermi surface changes its topology from electron-like to hole-like. Another parameter
that can be used to control the change of the Fermi surface topology and therefore the
Lifshitz transition is the second-nearest-neighbor hopping amplitude td2. Figure 2(b)
shows that the increasing of td2 induces a change on the topology of the Fermi surface
from electron-like to hole-like. Such result is in qualitatively agreement with results
of Monte Carlo simulations for the one band Hubbard model [12]. The hybridization,
which is sensitive to external pressure, also affects the Fermi surface topology, as shown
in figure 2(c). The increasing of the hybridization parameter V0 results in a change on
the Fermi surface topology from the electron-like to hole-like.
The density of states ρ(ω) at the chemical potential can provide important informa-
tion about the topology of the Fermi surface. The density of states for the region near
µ is shown in figure 3 for different sets of parameters. The evolution of ρ(ω) for distinct
dopings is shown in 3(a). For δ decreasing from 0.25 until 0.15, the density of states
at the chemical potential ρ(ω = µ) increases. Nevertheless, for δ = 0.10 the ρ(ω = µ)
decreases due to the presence of the pseudogap observed in the spectral function of
figure 1(d). Another important feature in 3(a), is the position of a van Hove singularity
associated with the antinodal points (0,±π) and (±π, 0). When the doping decreases,
the van Hove singularity crosses the chemical potential at δ ≈ 0.20 that is the same
doping for which the Lifshitz transition occurs. The effect of the interaction U on
the van Hove singularity is shown in figure 3(b). Note that the van Hove singularity
crosses the chemical potential for U between 6|td| and 8|td| which is the same range
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Figure 3. The density of states showing the van Hove singularities at the region of the chemical potential
µ. The vertical lines show the position of µ. In (a), the density of states for the same dopings and model
parameters as in figure 1. In (b), td
2
= 0.14|td|, V0 = 0.60|td| and the same values of U as in figure 2(a). In (c),
U = 8.0|td|, V0 = 0.60|td| and the same values of td2 as in figure 2(b). The panel (d) shows the effect of the
hybridization parameter for U = 8.0|td| and td
2
= 0.14|td|.
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Figure 4. In (a), the quasiparticle band E1(~k) for different dopings δ. (b) shows in detail the antinodal region
with the presence of a pseudogap for δ = 0.10. In (c), the same band E1(~k) for δ = 0.10 and different values
of the hybridization parameter V0. (d) shows in detail the antinodal region. The remaining model parameters
are U = 8.0|td| and td
2
= 0.14|td|.
in which the Lifshitz transition occurs due to change of the Fermi surface topology
(see figure 2(a)). In figure 3(c) we can see that the van Hove singularity crosses the
chemical potential for td2 ≈ 0.14|t
d|. Such value of td2 is very close to the one for which
the Lifshitz transition occurs as seen in figure 2(b). In figure 3(d), it can be noted
that the hybridization parameter V0 is also related to the crossing of the van Hove
singularity through the chemical potential, therefore, V0 can also be used as a control
parameter of the Lifshitz transition.
The quasiparticle band E1(~k) along the high symmetry directions is shown in figure
4(a) for different dopings δ. At the region of the nodal point (π, π), E1(~k) is pushed
down by the antiferromagnetic correlations associated to the spin-spin correlation
function 〈Sˆi · Sˆj〉 present in the band shift defined in equation 9. For δ = 0.10, due
to the strong antiferromagnetic correlations, a pseudogap ∆PG opens on the region
of the antinodal point (0, π), as shown in detail in the panel 4(b). However, when δ
6
Figure 5. The spectral function for ω = µ for δ = 0.10 and several values for the hybridization parameter
V0. The model parameters are U = 8.0|td| and td2 = 0.14|t
d|.
increases, the pseudogap closes at a given doping δ∗, therefore the doping is a control
parameter for the pseudogap. The effect of the hybridization parameter V0 on the
pseudogap is shown in the panels 4(c) and 4(d). Notice that at low values of V0 the
pseudogap is present, however, above a given value of V0, the pseudogap closes. Thus,
the hybridization parameter can be also considered as a control parameter for the
pseudogap.
The evolution of the Fermi surface with the hybridization is displayed in figure 5.
For V0 = 0.6|t
d| the spectral function at ω = µ shows a pocket centered at the nodal
point (π2 ,
π
2 ) and a very small spectral intensity at the regions near the antinodal points
highlighting the presence of the pseudogap. But, the increasing of V0 results in a large
hole-like Fermi surface without pseudogap. The evolution of the Fermi surface with the
increasing of the hybridization resembles the evolution of the Fermi surface when the
doping increases, as shown in figure 1. Considering that the hybridization parameter
V0 is affected by external pressure, the behavior of the pseudogap when the V0 changes
is consistent with recent experimental results for the cuprate Nd-LSCO which shows
a close relation between the pressure and the critical doping δ∗ where the pseudogap
closes [1]. Indeed, the authors observed that the pressure decreases the critical doping
δ∗ indicating a suppression of the pseudogap by pressure.
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Figure 6. In (a), the spin-spin correlation function as a function of the hybridization parameter V0. The solid
lines with open circles show results for a ~k-dependent hybridization while the solid lines without circles show the
same results for a constant hybridization. The structure of V 2
~k
is shown in (b) for the high symmetry directions
of a square lattice. The blue line shows the constant ~k-independent hybridization. The model parameters are
the same as in figure 5.
The short-range antiferromagnetic correlation related to spin-spin correlation func-
tion 〈Sˆi · Sˆj〉 are the main responsible for the pseudogap in the scenary considered
in present work. In figure 2(a), it is shown the behavior of 〈Sˆi · Sˆj〉 as a function of
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Figure 7. The behavior of the density of states at the chemical potential ρ(ω = µ) as a function of the doping
for various hybridization’s intensity is shown in (a). A diagram of V0 versus δ, with the pseudogap region is
shown in (b). The model parameters are U = 8.0|td|, td
2
= 0.14|td| and the temperature kBT = 0.04|t
d|.
the hybridization parameter V0 for a ~k-dependent hybridization (solid lines with open
circles) and also for a constant hybridization (solid lines). The results are shown for
two different dopings. It is clear that 〈Sˆi · Sˆj〉 is strong dependent on the doping and
also on the hybridization. Moreover, both the doping and the hybridization act in
the sense of suppresses the intensity of |〈Sˆi · Sˆj〉| resulting in similar effects on the
Fermi surface topology and on the pseudogap. The panel 2(b) shows the structure of
V
dp
~k
V
pd
~k
along of the high symmetry directions of the first Brillouin zone. The effects
of the hybridization are maximum at the antinodal point (π, π) where the short-range
antiferromagnetic correlation are more intense. For comparison purposes, results for a
~k-independent hybridization, are also shown.
The intensity of ρ(ω = µ) may provide information about the presence of the
pseudogap not only the system is doped, but also when the hybridization is changed
due to the aplication of external pressure. The behavior of ρ(ω = µ) as a function
of the doping δ for different hybridizations is shown in figure 7(a). For small values
of V0 and low dopings, we would expect has a high density of states at the chemical
potential, however, in figure 7(a) we observe a small ρ(ω = µ) due to the presence of
the pseudogap which suppresses the spectral weight at the chemical potential. In this
situation, the maximum ρ(ω = µ) coincides with the van Hove singularity where the
Fermi surface changes its topology. As the hybridization increases, ρ(ω = µ) causing
an effect similar to the doping process. A phase diagram of V0 versus the doping
δ is shown in figure 7(b). The pseudogap region is found at low dopings and small
hybridizations where the short-range antiferromagnetic correlations are more strong
(see figure 2(a) ). The increasing of the hybridization reduces the critical doping δ∗ in
which the pseudogap closes.
3. Conclusions
The topology of the Fermi surface of a d − p Hubbard model has been investigated
for different sets of model parameters. The analysis of the Fermi surface through the
spectral function show changes of its topology when the doping δ is varied. At low
dopings, we observe a hole pocket centered at nodal points (±π2 ,±
π
2 ) with pseudogaps
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near the antinodal points (±π, 0) and (0,±π). If the doping is increased sufficiently,
the Fermi surface becomes a large hole-like Fermi surface. Increasing more the doping,
the topology of the Fermi surface changes again resulting in an electron-like centered
at the origin (0, 0). This last change indicates a Lifshitz transition mediated by dop-
ing. It has been shown that the Lifshitz transition can also occurs if the hopping to
the second-nearest-neighbours td2, changes. Moreover, the results show that the hy-
bridization is another parameter able to control the Lifshitz transition. Furthermore,
the pseudogap is also deeply affected by the hybridization parameter V0, with V0 play-
ing a role similar to that one of the doping. Therefore, the present results show that
both the hybridization and the doping are detrimental for the pseudogap. Such results
are in agreement with recent experimental findings showing that the critical doping
where the pseudogap closes is deeply affected by pressure [1]. In this sense, whereas the
hybridization is susceptible to the pressure changes [22–24], the present results corrob-
orate the experimental data [1] and indicates a new route for theoretical investigations
of the Lifshitz transition and the pseudogap regime.
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